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Abstract— Conjunction analysis and maneuver planning for
spacecraft collision avoidance remains a manual and time-
consuming process, typically involving repeated forward simu-
lations of hand-designed maneuvers. With the growing density
of satellites in low-Earth orbit (LEQO), autonomy is becoming es-
sential for efficiently evaluating and mitigating collisions. In this
work, we present an algorithm to design low-thrust collision-
avoidance maneuvers for short-term conjunction events. We
first formulate the problem as a nonconvex quadratically-
constrained quadratic program (QCQP), which we then relax
into a convex semidefinite program (SDP) using Shor’s relax-
ation. We demonstrate empirically that the relaxation is tight,
which enables the recovery of globally optimal solutions to
the original nonconvex problem. Our formulation produces a
minimum-energy solution while ensuring a desired probability
of collision at the time of closest approach. Finally, if the
desired probability of collision cannot be satisfied, we relax
this constraint into a penalty, yielding a minimum-risk solution.
We validate our algorithm with a high-fidelity simulation of a
satellite conjunction in low-Earth orbit with a simulated con-
junction data message (CDM), demonstrating its effectiveness
in reducing collision risk.

I. INTRODUCTION

The growing density of low-Earth orbit (LEO) traffic has
made collision avoidance a pressing challenge for satellite
operators. Rapid advances, including reusable launch vehi-
cles, spacecraft miniaturization [1], and large constellations
like Starlink, have accelerated the pace of satellite deploy-
ment. As a result, LEO has become increasingly congested,
raising the likelihood of conjunction events and imposing
greater operational demands on satellite operators. To address
these challenges, autonomous maneuver planning is needed
to enable timely and scalable collision avoidance for safer
and more efficient space-traffic management.

Despite the growing need for autonomy, conjunction anal-
ysis and maneuver planning remain largely manual and time
consuming. Current operations typically involve repeated
forward simulations of hand-designed maneuvers, adjusting
them iteratively until safety criteria are met. Tools exist
to assess the effect of these candidate maneuvers [2], but
the process remains labor intensive and difficult to scale.
Modeling maneuver planning as an optimal control problem
provides a structured framework for balancing safety, fuel
efficiency, and operational constraints. However, the problem
is inherently nonconvex due to nonlinear orbital dynamics
and collision-avoidance constraints. One option is to solve
the problem directly as nonlinear program [3], but this
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local method depends heavily on the quality of the initial
guess. Sequential convex programming (SCP) is an example
of this approach that approximates the problem through a
sequence of convex subproblems [4]. SCP can converge
quickly when initialized near the optimal solution, but it
does not guarantee feasibility with respect to the original
nonconvex problem and remains sensitive to initialization
and hyperparameter tuning [5]. Convex relaxations provide
another approach, reformulating the problem so that the
nonconvex constraints become convex [6], [7]. Under certain
conditions, this method can yield the global optimum, and
this is the approach we adopt.

In spacecraft collision avoidance, the linear relationship
between an impulsive maneuver and a displacement at closest
approach can address the nonconvex collision constraint
[8]. However, this method does not optimize for fuel — a
critical resource that constrains mission lifetime. An alterna-
tive is an iterative projection—linearization algorithm, which
approximates the nonconvex probability-of-collision (PoC)
constraint as a half-space and solves a sequence of convex
subproblems [9]. While effective in generating impulsive
maneuvers, this method depends on a good initial guess and
lacks global optimality guarantees.

Other approaches include analytical methods, such as a
closed-form solution for the burn time required to achieve a
desired PoC at the time of closest approach (TCA) [10]. This
formulation provides a direct computation for burn timing
but does not optimize maneuver direction and assumes
along-track burns for the entire maneuver. To avoid fuel ex-
penditure, collision-avoidance maneuvers using atmospheric
drag have also been explored [11]. However, the trade off is
a loss in orbital altitude and shorter mission lifetime.

While prior methods represent important progress to-
ward autonomous maneuver planning, none simultaneously
achieves global optimality, handles general low-thrust ma-
neuvers, and remains applicable to short-term conjunction
events. To address this combination of requirements, we pro-
pose a globally optimal algorithm for designing low-thrust
collision-avoidance maneuvers applicable to short-term con-
junction events. Our specific contributions include:

1) A convex reformulation of the nonconvex PoC con-
straint and thrust-lower-bound constraint using Shor’s
relaxation.

2) A minimum-energy trajectory-optimization framework
that generates low-thrust maneuvers to achieve a target
PoC at the TCA.

3) High-fidelity LEO conjunction simulation, demonstrat-
ing the tightness of the proposed formulation and the
effectiveness of the overall approach.



The remainder of this paper is organized as follows:
Section II introduces convex relaxation concepts and pro-
vides background on spacecraft conjunction analysis. Section
IIT derives our convex formulation. Section IV presents
experiments and results for a simulated LEO conjunction.
Finally, Section V summarizes our conclusions and discusses
future work.

II. BACKGROUND

This section provides a brief review of convex relaxations
and spacecraft conjunction analysis. We refer the reader to
[12] and [13] for more comprehensive treatments.

A. Convex Relaxations

For an optimization problem to be convex, equality con-
straints must be affine, and both the objective function and
inequality constraints must be convex [14]. Convex relax-
ations reformulate nonconvex problems into convex ones
that can be solved efficiently to global optimality. When
certain conditions are satisfied, the solution to the convex
problem is also the globally optimal solution to the original
nonconvex problem. This approach has been successfully
applied across various domains including robotics [15] [16]
and aerospace applications [17], most notably the rocket soft-
landing problem [18].

The effectiveness of a convex relaxation depends strongly
on the problem’s structure. In this work, our problem of inter-
est is a quadratically-constrained quadratic program (QCQP)
— an optimization problem where both the cost function and
constraints are quadratic. In general, QCQP’s are nonconvex
and NP-hard, making them challenging to solve to global
optimality [19]. Convex relaxation techniques can be used
to compute a tractable lower bound on the optimal value f*.

To understand this idea better, consider the following
nonconvex QCQP:

f = min x'QOx+d'x
xeRm (1)
s.t.x!Ax = b,

where the matrices Q and A are not necessarily positive
definite. Shor’s relaxation [20] reformulates (1) as a convex
semidefinite program (SDP), which can be solved in poly-
nomial time using interior-point methods [21]. The key idea
is to define the moment matrix M = zz', where z=[1 x]:

.
M= [1 XT] @

X XX

We also define a set of (linear) functions L to pick out the
x and xx" terms from M (x = L,(M), xx" = L (M)). These
functions consist of a left and right matrix multiplication
on M to select the desired terms. Rewritten in terms of
M by applying the trace property tr(x' Qx) = tr(Qxx"), the
objective and constraint functions in (1) become linear, but
we now have the non-convex equality constraint M = zz'

which is equivalent to M > 0 and rank(M) = 1:
fr=min  tr(QLxx(M)) +d"L,(M)

s.t. tr(AL(M)) =b
M >0, rank(M)=1

3)

We can relax (3) by dropping the nonconvex rank constraint,
which corresponds to relaxing M —zz' =0 into M —zz = 0.
This allows us to arrive at the following SDP:

pr=min  uw(QLw(M)) +d"L,(M) @

s.t. tr(AL«(M))=b, M >0,

which is convex and provides a strict lower bound on the
original problem in (1). We say that the relaxation (4) is tight
if its solution matches the solution to the original problem
(1). In this case, tightness corresponds to the optimal moment
matrix M* having rank one (i.e. it should correspond to
the outer product zz'). This rank condition can be checked
directly after solving the SDP, providing a certificate of
global optimality.

If M* is not rank one, the relaxation is not tight, and
p* lower bounds f* (p* < f*). However, in some cases,
a rank-one approximation can be extracted from M* using
techniques such as an eigenvalue decomposition [12]. This
approximation can then serve as an initial guess for a
nonlinear programming (NLP) solver directly applied to (1)
[22].

In summary, convex relaxations provide a way to obtain
certified globally optimal solutions (if they are tight) or
high-quality approximate solutions for nonconvex problems.
We apply these techniques to spacecraft collision avoidance,
where the problem formulation and constraints arise from
spacecraft conjunction analysis.

B. Spacecraft Conjunction Analysis

In spacecraft conjunction analysis, the probability of colli-
sion (F,) is a critical metric used to ensure safe operations in
congested orbital environments. Satellite operators submit a
formatted ephemeris with an associated covariance matrix to
designated screening organizations. These submissions are
analyzed to assess potential conjunctions with other space
objects. If the computed P, exceeds a predefined threshold,
a Conjunction Data Message (CDM) is generated, issuing a
proximity warning to the operator and prompting potential
mitigation actions, such as collision avoidance maneuvers
[13].

A CDM includes the estimated state vectors and associated
covariance matrices of both the primary and secondary satel-
lites at the TCA. In this work, we assume that the secondary
satellite remains passive, while the primary satellite executes
an avoidance maneuver to reduce the probability of collision
at the TCA.

1) Probability of Collision: The probability of collision is
the likelihood that the relative position vector between two
spacecraft in the Earth-centered inertial (ECI) frame Ar lies



Fig. 1: The probability-of-collision constraint accounts for the position uncertainties of both spacecraft, C,; and C,, combined
and projected onto the b-plane — the plane perpendicular to the relative velocity vector. The b-plane is then centered on
the secondary spacecraft, yielding an ellipse centered on the secondary spacecraft. Points inside this ellipse have high P,
so the feasible region is the blue-shaded, nonconvex set outside the ellipse. The red point marks the relative position Ary, of
the primary spacecraft with respect to the secondary spacecraft in the b-plane.

within a collision sphere of radius Rypr (sum of their hard-
body radii). It is defined as the integral of a 3D Gaussian
probability density function (PDF) of Ar over this sphere, but
this integral lacks a closed-form solution and is unsuitable
for direct trajectory optimization.

We adopt the short-term encounter assumption [23], where
high relative velocity at the TCA (Av) implies:

ArTAv=0 (5)

This orthogonality condition means that, at the TCA, the
relative position lies entirely in the encounter plane (b-plane),
the plane perpendicular to the relative velocity vector. This
allows the 3D collision integral to be reduced to 2D [24].
The b-plane basis is defined as:

_ Av _ Ar X Av
lAv]l2” 7 [larx Av]]y’

by by =byx b, (6)
with the transformation matrix R to transform from the ECI
frame to the 2D b-plane:

1 0 0f 4
RS =D o ol E= g o\ R=ERES O

Assuming constant b-plane geometry and a uniform 2D
Gaussian PDF over the collision circle, the PoC constraint
can be expressed as [9], [25]:

Ar;CflArh >p

4
( RH BR

—HBR ) C = R(Cr1 +C)RT 8
4P3det(C))’C (Cri+Ca) ®

p=In

where (Ar, = RAr) is the relative position projected onto the
b-plane, C is the sum of the position covariance (Cy1,Cy2)
of both spacecraft projected onto the b-plane using R, and
P, is the desired probability of collision. The equality in

the nominal PoC formulation from [9] is relaxed to an
inequality, since achieving the desired probability threshold
is sufficient for feasibility, but a lower collision probability
is always preferable. This relaxation is favorable for solver
convergence. The feasible region is inherently nonconvex.
Geometrically, this constraint is depicted in Fig. 1.

III. METHOD

We now present our trajectory-optimization formulation
and detail the relaxation process for reformulating it into a
convex problem.

A. System Dynamics

The primary spacecraft state x € R® consists of a position
r € R3 and a velocity v € R3 in the ECI frame and depends on
time # € R™. We model the continuous dynamics f (x,7) using
SatelliteDynamics.jl [26], an open source orbital dynamics
package. We include a tenth-order gravity model as well as
perturbations from atmospheric drag, solar radiation pres-
sure, and third-body perturbations from the Sun and Moon.
We model the control input u € R? as an additive acceleration
in the continuous dynamics % = f(x,#) +u. We then obtain a
nonlinear discrete-time dynamics model xi1 = fiy (Xg, ug, 1)
by integrating the continuous dynamics using a Runge-Kutta
7/8 integrator from DifferentialEquations.jl [27].

B. Optimization-Based Collision Avoidance

We formulate the collision-avoidance maneuver planner
as a discrete nonlinear trajectory-optimization problem that
minimizes the squared L2 norm of the control inputs uy:

N—1
min J= 2 9a
XLNHULN-1 l:ZI HukH2 (9a)
st X1 = fala,me), x1 = x;, (9b)
|uk|]2 < up, (8) (9¢)



subject to a set of constraints. This “minimum energy”
control approach [28] encourages smooth, continuous thrust
profiles, making it well-suited for low-thrust propulsion
systems. The equality constraints in Eq. (9b) include both the
discrete dynamics function described in Section III-A and an
initial state (x;) constraint. The inequality constraints in Eq.
(9¢) include the PoC constraint described in Section II-B.1
and an upper bound on the control inputs. The parameter
N represents the number of discrete time steps along the
planned trajectory and we assume the TCA occurs at timestep
N.

This problem is nonconvex due to the nonlinear dynamics
equality constraint and the nonconvex collision-avoidance
inequality constraint. As a result, its solution depends on
the quality of the initial guess given to a local solver, which
is not guaranteed to converge and may only yield a locally
optimal solution. In the following sections, we describe how
we convexify the problem to enable the computation of a
globally optimal solution without an initial guess.

C. Convexifying the Collision-Avoidance Problem

We first tackle the nonconvexity from the nonlinear dy-
namics.

1) Linearized Dynamics: To convexify Eq. (9b), we begin
by discretizing the reference uncontrolled orbital trajectory
of the primary satellite into N knot points and linearizing the
nonlinear discrete-time dynamics from Section III-A about
each reference point ¥y using a first-order Taylor expansion.
This provides a local approximation of the true dynamics
and results in a set of linearized error-state dynamics:

Axpeq 1 RARAXE + By,
k:% R s duEan— g, (10)
(ko) (Fpeotax)
where A; and By are the discrete dynamics Jacobians evalu-
ated along the reference trajectory at all timesteps k.

2) PoC Constraint: Next, to make the PoC constraint
convex, we transform the nonlinear program in (9) into
a convex semidefinite program (SDP). We apply Shor’s
relaxation, described in Section II-A as follows: First, we
define vectors z; at each timestep k consisting of the delta
state (Axy) and control input (uy):

A

1
1
%= |Ax , = [MN} (11
U v g={1:N—1}
We then define the moment matrices (My):
1 Ax,j— u,—:
M, = ZkZ/-(r = | Axx AxkAx,;r A)CkMI;r
we Ay way ={1n-1}  (12)
1 Ax},
My = zvzr, = N
N = ANIN |:AXN AXNAX;:|
Note that all the M; matrices are positive semidefinite:
M = 0}y r—q1-
{Mi = 0}y r=q1:0) 13)

Next, we define a set of (linear) functions L to pick out cer-
tain terms from M. This allows us to rewrite the nonconvex
problem in (9) as a convex SDP in terms of M:

Axg = Lo(My), AqAx] = Lo (M), w = L(My)
wety = Ly (M),  Axgul = Lo, (My), ¥ k={1:N— 1&4)

Axy = Loy(My)  AxyAxy, = Loy (My) (15)

We can express the nonconvex PoC constraint from (8) as
a linear function of My. This constraint encodes a desired
probability of collision at the terminal state since we assume
the TCA occurs at timestep N. Since r, = R(Xy + Axy — x;),
where x; is the position of the secondary spacecraft at the

TCA, we can express (8) as the following:
(R(Ev +Axy —x,)) ' CH(R(Ey +Axy —x)) > p  (16)

By expanding (16) and using properties of the trace opera-
tor, we obtain the following simplified nonconvex constraint.

tr(C7'b) +tr(C ' e(Axy)) > p (17)
where,
b= R(xyiy — Xyx, — x5y + x5 )RT
c(Axy) = R(EnAXyY + AxyEy + AxyAxy — Axyx] —xAxy )R

(13)

Using the functions from (15), we can obtain any of the

elements of My and express the constraint in (17) as a

function of My. Using these matrices, ¢ becomes linear in

variable My, which allows the nonconvex PoC constraint

in (17) to be expressed as the following linear inequality
constraint:

tr(C'b) +tr(C'e(My)) > p, (19)

where,

c(My) = R(%n (Loy (M) " + Loy (My )%y
+ Loy (My) — Loy(My)x) —xy(Lov(My)) )R (20)

The variable Mg contains the outer product term AxkAx,;r
as part of its block structure. To improve the tightness of
the convex relaxtion, we introduce an additional redundant
constraint that enforces the consistency between the outer
product terms and the linear dynamics. This constraint is
given by:

Lyx (Mk+1 ) = AgLy, ([uk)AkT +AgLyy, (Mk)BZ

(21)
+ (AL (My)B; ) " + By Loy (M) B

With this formulation, quadratic equality constraints and
certain nonconvex inequality constraints, can be expressed as
linear functions of M. For instance, a nonconvex lower bound
b; on the L2 norm of the control inputs can be reformulated
as:

tr(Luu(My)) > b7 (22)



In the next section, (22) is incorporated into the second
example to demonstrate the SDP method’s advantage over
directly solving the original nonlinear program.

We have now transformed the original nonlinear, noncon-
vex collision-avoidance problem in (9) into a formulation that
can be solved efficiently with global optimality guarantees.
The resulting convex semidefinite program, presented in
(23), defines the core component of our collision-avoidance
maneuver-planning method:

N—1
min J = ;tr(Luu(Mk)) (23a)
st. L(Mp) =xi, Lo(My) =xx], (23b)
1 Lu(Mi) |2 < by, (23¢)
Ly(Mpy 1) = AxLe(My) + Bi Ly (My), (23d)
@21, (13), (19), (22), (23¢)

where the objective in (23a) still minimizes the squared
L2 norm of the controls, resulting in a minimum-energy
solution. Eq. (23b) enforces the initial state to match a user-
defined initial condition x;, while (23c) limits the control L,
norm by the upper bound b,. The linear dynamics, expressed
in terms of the variable M, are captured by (23d). Finally,
(23e) consolidates the remaining constraints: the redundant
constraint for the dynamics of the outer-product terms, the
positive-definite constraints on M, the PoC constraint, and
the lower bound magnitude constraint (only in Example
2). We have reformulated the original nonconvex collision-
avoidance problem as a convex semidefinite program (SDP)
that can be solved to global optimality.

In cases where the primary satellite cannot achieve the
desired PoC in the given time due to thrust limits, we
modify (23) to offer a contingency plan. This modification
consists of relaxing the PoC constraint in (19) by introducing
a weighted penalty on the L1 norm between the desired
and achieved probability of collision. The contingency plan
objective becomes,

N—1
J= Z tr(Ly, (M) + o] | tr(CT1b) + tr(C~ Le(My)) — pli

i=1 24)
where « is the weight on the collision risk term of the objec-
tive function. This updated optimization problem minimizes
control effort along with the risk of collision.

In the following section, we solve both versions of the
SDP and perform a rank check to determine whether the
obtained solution corresponds to the global optimum of the
original nonconvex formulation.

IV. EXPERIMENTS AND RESULTS

To evaluate our approach, we conduct a set of case studies
using a simulated CDM and a high-fidelity simulation in
LEO. The prediction horizon is one orbital revolution, which
is representative of a rapid response to a future conjunction
event. All the simulation parameters — including orbital
elements, initial conditions, and force models — are provided

in our open-source implementation available on Github!. The
hard-body radius was set to 10m. We solve our semidefinite
program using MOSEK [29] and compare to other existing
methods of solving the collision-avoidance problem. Exam-
ples 1 and 3 do not include the lower bound constraint while
Example 2 does. In all examples, the state and uncertainty
of the secondary spacecraft is known at the TCA from the
simulated CDM. The secondary satellite is also located at
the origin of the b-plane frame, as the frame is defined to be
centered on the secondary spacecraft.

A. Example 1

The target post-maneuver PoC is set to P. = 1 x 107°. The
resulting continuous low-thrust maneuvers from the SDP are
shown in Fig. 2b. These maneuvers remain within the set
acceleration limits and exhibit the expected smoothness due
to the chosen cost function. Initially, the probability of col-
lision is 1 x 107>, corresponding to a relative position inside
the P. = 1 x 107° ellipse on the b-plane. After applying the
optimized maneuvers, the final relative position lies exactly
on the boundary of the target P, ellipse, demonstrating that
the collision probability has been reduced to the desired level.

1) Comparison to Other Methods: For comparison, we
evaluate two alternative methods commonly used in space-
craft collision avoidance: (i) solving the nonlinear program
directly using a general purpose solver, and (ii) a collision
avoidance half-plane approximation method.

We solve the NLP (9) using the IPOPT solver [30]. This
approach requires a good initial guess for both the state and
control trajectories, which is non-trivial to obtain. In our
implementation, we initialize the state trajectory with the
unperturbed reference trajectory and set all the control inputs
to zero. With this initialization, IPOPT converges to a local
minimum with higher cost than the global minimum (Fig.
3).

The second method samples points along the P, ellipse in
the b-plane. At each sample point, the local tangent is com-
puted, and the nonlinear ellipse constraint is conservatively
replaced with a linear half-plane constraint. This approach
follows the validation procedure for the SCP algorithm
implemented in [9]. We solve 100 of these convex problems
with different linearizations and select the solution with the
lowest cost. As the number of samples increases, the union of
these half-planes converges to the true nonconvex constraint,
allowing this method to closely match the globally optimal
solution. However, its performance depends on the quality of
the half-plane approximation, and solving a large number of
problems may become computationally expensive. Figure 3
shows the optimal solution from the sampling approach. The
NLP solution is also plotted, and we can see that it converges
to a local solution with 108% percent greater cost than the
global solution obtained from the SDP.

2) Tightness: To assess the tightness of the convex relax-
ation, we compute the ratio between the largest and second-
largest eigenvalues of the moment matrices at each point

Uhttps://github.com/RoboticExplorationLab/cvx-spacecraft-cola.git
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(a) The maneuver end state in the b-plane. (b) Low-thrust collision avoidance maneuvers, represented as

additive accelerations.

Fig. 2: (Example 1) The boundary of the ellipse in (a) represents all the relative positions that have a P. = 1 x 107°. With
no maneuvers, the relative position of the primary spacecraft is represented by the brown marker. After the maneuvers in
(b) are applied, the relative position is represented by the red marker, showing the success of the maneuvers to achieve the

desired P. value.
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Fig. 3: The solution obtained from successive linearizations,
shown by the red marker, closely approximates the global
optimum after 100 iterations around the ellipse. The heat
map illustrates the variation in delta-v as a function of the
linearization point on the ellipse. In contrast, the nonlinear
trajectory optimization solution, shown by the brown marker,
converges to a local minimum, which is suboptimal.

along the trajectory. In all cases, the ratios exceed 10* which,
given floating-point precision, indicates that the moment
matrices are effectively rank 1, and that the convex relaxation
remains tight. This ratio is depicted in Fig 4.

B. Example 2

For this next example, we incorporate the lower-bound
constraint (22) in the convex problem (23). The desired
probability of collision was set to P. =8 x 107 , with an
upper bound of 8.64 x 1072 mm/s*> and the lower bound
1.38 x 1072 mm/s* on the L2 norm of the control inputs.
Solving this problem as an NLP with IPOPT reached the
maximum number of iterations (1000) when initialized with
the reference trajectory and zero controls. This highlights the
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Fig. 4: The ratio between the largest and second-largest
eigenvalues in each moment matrix is above 1 x 10%, en-
suring a rank 1 moment matrix and tight relaxation. For
Example 3, only the case where delta-v limit is set to 0.004
m/s is plotted. The other cases had a similar tightness result.

difficulty of obtaining a good initial guess to converge to a
local solution. In contrast, our SDP formulation was tight
as shown in Fig. 4 and produced continuous maneuvers that
satisfy the specified acceleration limits while reducing the
probability of collision. The resulting change in the b-plane
and maneuver magnitude plots are shown in Fig. 5.

C. Example 3

In this example, we reduce the per-timestep delta-v limit
to create scenarios where the satellite lacks sufficient thrust
to achieve the desired probability of collision within the
available time. In these cases, solving problem (23) leads
to a solution that is not tight. Our contingency plan results
in a tight relaxation as shown in Figure 4. We evaluate
four delta-v limits (0.004 m/s, 0.006 m/s, 0.008 m/s, 0.01
m/s), and present the results for the change in the b-plane



SDP Method Maneuver Effect

4
® Secondary Sat. @ With Maneuver @ No Maneuver ‘
2 -
~~
=
< 0
N
o)
2
—4 | | | | | | |

|
-8 -6 -4 -2 0 2 4 6 8
by (km)

(a) The maneuver end state in the b-plane.
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Fig. 5: (Example 2) The boundary of the ellipse in (a) represents all relative positions corresponding to a collision probability
of P.=8x 107%. The computed maneuvers in (b) satisfy the specified upper and lower bounds and, when applied, achieve

the target P, value.

SDP Method Maneuver Effect Contingency Case

@ Secondary Sat. @ dv limit = 0.004 %
@ dv limit = 0.006 % ® dv limit = 0.008 ¢
51 | @dv limit = 0.01 * @ No Maneuver
g
<
o
ol
\ \ \ \ \ |
—15 —10 -5 0 5 10 15

by (km)

(a) The maneuver end state in the b-plane for scenarios with
different delta-v limits.
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(b) Magnitude of the collision-avoidance maneuvers for scenarios
with different delta-v limits.

Fig. 6: (Example 3) The boundary of the ellipse represents all relative positions corresponding to a collision probability of
P.=1x107°. The blue, red, yellow, and purple markers in (a) represent scenarios with different delta-v upper bound limits
in which the satellite cannot achieve the desired probability of collision. The computed maneuvers in (b) minimize collision

risk and satisfy the specified upper bound limit.

and magnitude of the maneuvers in Figure 6. As expected,
increasing the delta-v limit enables the spacecraft to achieve
a probability of collision closer to the desired value. The
solution trades off control effort and collision risk according
to the relative weights assigned to each term in the objective
function. For this example, o was set to 10.

In summary, our method reliably computes the glob-
ally optimal solution without relying on an initial guess,
guarantees convergence, and consistently achieves superior
performance compared to alternative approaches.

D. Limitations

Our approach guarantees a globally optimal solution; how-
ever, this advantage comes at the cost of increased problem
size. Formulating the problem as an SDP requires intro-
ducing additional variables (the moment matrices). Conse-
quently, the number of decision variables grows rapidly with
the problem horizon, leading to longer solution times. While

the SDP formulation is larger than the original problem,
this trade off is outweighed by its reliability and optimality
guarantees.

Our formulation also relies on simplifying modeling as-
sumptions. In particular, we assume linearized orbital dy-
namics, Gaussian uncertainty for both spacecraft, and that
the time of closest approach occurs at the end of the
planning horizon. These assumptions facilitate the convex
problem structure and are justified in practice since the
method is intended for short-duration conjunction scenarios.
However, if higher model fidelity is desired, a polishing step
could be performed using [IPOPT with the original nonlinear
dynamics, treating time as a decision variable, and using the
SDP solution as a warm start. This step is not part of the
proposed method but remains a viable option for refinement
if needed.



V. CONCLUSIONS

In this work, we introduced a convex semidefinite pro-
gramming formulation for the collision-avoidance problem,
representing an important advance toward fully autonomous
maneuver planning for collision avoidance. By applying
Shor’s relaxation and empirically demonstrating tightness,
we obtain globally optimal solutions without the need for an
initial guess — a capability not offered by existing methods.
Our results demonstrate minimum-energy maneuvers that
satisfy a probability-of-collision constraint. When the desired
probability of collision cannot be met due to thrust or
time limitations, our framework produces maneuvers that
minimize collision risk.

Looking ahead, we aim to extend this framework to
incorporate the true nonlinear two-body dynamics directly
into the QCQP formulation. We also plan to apply it to other
mission-design problems where initial-guess dependence re-
mains a major challenge, such as low-thrust orbit transfers
and interplanetary mission design.
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